Abstract-Multi-path time delay spread is a very important factor in the bit error rate of high-frequency ionospheric communication channels and in the target detection performance of over-the-horizon radars. In this study, the probability density distribution of multi-path time delay and Doppler shift of ionospheric radio signal are derived using Rayleigh fading. Moreover, the probability density distribution of time delay, average power of the received signal, and received signal variance are discussed in detail. Using a designed experimental circuit, the measured value of the multi-path time delay spread is obtained from three given radio paths by the sweep-frequency pulse sounding technique. The average value of the multi-path time delay spread that changes with the ratio K, which is the operating frequency of the basic maximum usable frequency, is also analyzed and fitted using the least-squares fitting method. Theoretical and statistical research shows that for a given radio path and specific frequency, the multi-path time delay spread approximately follows a normal distribution. The average time delay spread decreases with the increase in the ratio K; however, it eventually approaches a steady value. The results of this research provide an empirical reference for further prediction and estimation of the time delay spread of a radar wave propagating through the ionosphere.
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INTRODUCTION
The characteristics of the high-frequency (HF) ionospheric channel are time varying. Based on its influence on radio wave propagation, it can be described as a linear time-varying channel. In physics, the received signal can be viewed as a multi-path signals superposition with different time delays, frequency shifts and incident angles ( Figure 1 ) [1, 2] . As early as 1980s, Maresca and Georges indicated that the spectrum quality of the sea surface echo for the over-the-horizon radar is closely related to the changes in the ionosphere [3] . Given the random time-varying characteristic of the ionospheric medium, the multi-path time delay and Doppler shift effects are the main features for the HF radar wave propagating through the ionosphere [2] .
For multi-path time delay estimation, the classic match filtering technique was proposed by Bell and Ewart [4] .
However, the estimation accuracy of this method is based on the main peak width of the autocorrelation function of the transmitted signals. Thus, high-resolution frequency domain estimation methods, such as MUSIC, ESPRIT, and the linear prediction, have been proposed by some scholars to estimate the time delay. However, a satisfactory estimation of the multi-path time delay is obtained only for signals with flat or almost flat spectra [5, 6] . In addition, the maximum likelihood estimation and the least-squares algorithm are used to estimate the time delay [7] , but their processes involve more complex multidimensional optimization. For an adaptive system, the methods of multi-path cancelation and multi-path equalization were used by Ching and So to estimate time delay [8] . A new method for estimating the Doppler shift and time delay of the overlapping echoes was presented by Qi et al. [9] and Zhang et al. [10] . Other methods, such as the statistical moment method, have been used by some scholars to estimate the multi-path time delay and Doppler shift spread [11, 12] .
For the echo field of a radio wave, a model of a random moving rough scattering screen was used by Booker et al., Essex et al., and Baussard et al. to analyze the autocorrelation coefficient of the amplitude and field strength distribution [13] [14] [15] , and some analytical formulas for Doppler shift and bandwidth of radar echoes backscattered from time-varying sea surface are derived by Wang et al. and Nie et al. [16, 17] . Moreover, From and Meehan studied the characteristics of the HF Doppler echo and its change rule caused by the ionospheric irregularities [18] . Cornelius and Essex used the HF Doppler technology to observe the changes in the Doppler spectrum caused by the movement of the Sporadic E and the expansion of the F region of the ionosphere [19] . A more concise relationship between the Doppler shift and radio wave frequency was presented by Long and Hou [20] , Ma et al. [21] , Davies and Baker [22] , Lee et al. [23] . Based on the ray theory [24] and consideration the timevarying anisotropic lossless ionosphere, a more general expression for the Doppler frequency shift was provided by Bennett [25] . In the present research, the probability density distribution of the multipath time delay and Doppler shift are derived using random signal processing techniques [26] with Rayleigh fading. The probability density distributions of the multi-path time delay, average power of the received signal, and signal variance changes with the time delay spread are discussed in detail. Based on the designed experiment circuit and using the sweep-frequency pulse sounding technique, the average value of the multi-path time delay spread changes with the ratio K is also analyzed and fitted using the LS algorithm. Compared with the methods mentioned early, the proposed method in this paper is more concise, simpler, and has a clear physical meaning. Statistical analysis shows that the amplitude fading of HF ionospheric signal follows the Rayleigh distribution. With Rayleigh fading, the field of the received signal can be expressed as [27] [28] [29] [30] 
where 
Furthermore, if we let q = dΦ/dξ, U = dY /dξ and V = −dX/dξ, Equation (2) can be simplified as
In Equation (3), when ξ represents the dimension of time τ , variable q corresponds to the angular frequency ω, thereby reflecting the instantaneous Doppler shift of the received signal. On the contrary, when ξ represents the angular frequency ω, the variable q corresponds to the time τ , thereby reflecting the instantaneous multi-path time delay or group delay of the received signal. We define variable δ as the relative ratio of the amplitude of the received signal to the variable ξ as follows:
All these features indicate that if variables X and Y follow a normal distribution, the result V (or U ) of variable X (or Y ) derivative with respect to time τ or frequency ω also meets the normal distribution. Thus, the joint PDF of X, Y , U and V can be expressed as [20] P (X,Y,U,V )= 1
In Equation (5), B denotes the covariance matrix, M the value of the determinant B, M i,j the algebraic complement of the element b i,j of the matrix B, and
Assuming that σ(η) is the spectral function of the transfer function that corresponds to the autocorrelation function S(ξ) on the ξ axis, the average multi-path time delay or average Doppler frequency shift spread (i.e., the normalized average value of the spectrum of the time delay or of the frequency shift) can be defined as
The average envelope power of the transmitting signal can be defined as
The signal variance is defined as
Combined with Equations (5) to (8), the joint PDF of Equation (5) can be further expressed as
Based on Equations (1) to (4) and the joint PDF of X, Y , U and V , the joint PDF of variable E 2 0 , Φ, q and δ can be expressed as
Using the boundary integral method for variables δ and Φ in Equation (10), the joint PDF for E 2 0 and q can be written as
Equation (11) shows that the joint PDF for signal strength and multipath time delay have the same mathematical expressions as the signal strength and the Doppler shift. The only difference is the values of parameters α, β, andq, as well as their physical meaning.
PDF of the Multi-path Time Delay and the Doppler Shift
Using the boundary integral method for variable E 2 0 in Equation (11), the PDF for q can be written as
Thus, the PDF function for multi-path time delay and Doppler shift can be expressed as
multi-path time delay (13)
Doppler shift (14) where M = 2β/α denotes the multi-path time delay spread, andτ is the normalized average value of the delay power spectrum σ (τ ). Compared with Equation (13), D = 2β/α represents the Doppler shift spread, andf represents the normalized average value of the frequency shift power spectrum σ(f ). Equations (13) and (14) show that the PDF of the multi-path time delay (or Doppler shift) is closely related to the first-and second-order moment of the time delay power spectrum (or the frequency shift power spectrum) only. In other words, although the specific forms of the delay power spectrum and the frequency shift power spectrum are different, they have the same first-and secondorder moments. Therefore, the value of the probability density of the multi-path time delay or Doppler frequency shift should is the same.
Average Power of the Received Signal
Based on Equation (11) and variable q, the average received power of the radio wave can be defined as
The average power of the received signal for the multi-path time delay and Doppler frequency shift can be expressed as
As shown in Equations (16) and (17), the average power of the received signal achieves the maximum value at the average value of the delay power spectrumτ (or the frequency shift power spectrumf ). However, the average power of the received signal is reduced when the value of the multi-path time delay (or the Doppler shift) deviates from the average value of the power spectrum.
Signal Variance of the Multi-path Time Delay and Doppler Shift
Using the instantaneous power I as a variable, the variance of the variable q can be expressed as
Substituting Equation (11) into Equation (18), the following simplified formula is obtained σ
The variance of the multi-path time delay and Doppler shift can be expressed as
where P 0 = I α 2 denotes the normalized instantaneous power. The variance of the multi-path time delay σ 2 τ (or the variance of the Doppler shift σ 2 f ) is proportional to the square of the time delay spread M (or the Doppler shift spread D), and inversely proportional to the normalized instantaneous power P 0 . If we know the first and second moments of the time delay spectrum or Doppler shift spectrum, the multi-path time delay, Doppler shift, instantaneous power, and other statistical parameters can be determined with Rayleigh fading and by using Equations (16)- (20) .
NUMERICAL SIMULATION AND ANALYSIS
As shown by the theoretical analysis, the PDF, average power and variance of the received signal of the time delay have the same expression form as that of the Doppler shift. Thus, only the statistical characteristics of the multi-path time delay are simulated and analyzed. Figure 2 . Change in the probability density of the multi-path time delay P (τ ) with the time delay τ (group time delay), the normalized average value of the time delay spectrumτ = 0 s. Figure 3 . Change in the probability density distribution of the multipath time delay P (τ ) with the time delay τ (group time delay). The normalized average value of the time delay power spectrumτ = 2 s. and 3. Figures 2(a), 2(b), 3(a), and 3(b) show that with Rayleigh fading, the probability density distribution of the multi-path time delay approximately meets the normal distribution and is symmetrically distributed about the normalized average value of the time delay spectrumτ . The probability density distribution function of the multipath time delay can reach a maximum value at the normalized average value of the delay power spectrumτ . That is, the multi-path time delay is most likely to take the average value of the time delay spectrum. In addition, the greater the multi-path time delay deviation is from the average value of the time delay spectrum, the smaller the probability density is, which is easy to understand. Moreover, when the group time delay is close to the normalized average value of the time delay spectrumτ , the probability density distribution of the multi-path time delay rapidly decreases with increased group time delay. When the group delay τ is much larger than the average value of the delay power spectrumτ , the probability density distribution of the multi-path time delay gradually changes.
Change in the Normalized Average Power of the Received Signal with Time Delay
As shown in Figures 4 and 5 , when the transmitting signal power is given (here, α = 1 J/s), the normalized average power of the received signal I approaches maximum value at the normalized average value of the time delay spectrumτ as the probability density of the multi-path time delay changes. If the multi-path time delay deviates from the average value of the time delay spectrumτ , the normalized average power of the received signal considerably decreases. Moreover, the smaller the multi-path time delay spread M is, the faster the signal power decreases. In other words, the smaller the multi-path time delay spread M is in a given channel, the smaller the jitter range of the received signal power is. When the multi-path time delay spread M is of a certain value (here, M = 2 ms) for the same group time delay, the larger is the average power of the transmitting signal, the greater is the normalized average value of the received signal power, which is easy to understand ( Figure 6 ). Change in the normalized average power of the received signalĪ with group delay and multi-path time delay spread M . The normalized average value of the time delay power spectrum τ = 2 s and the transmitting signal power α = 1 J/s . Figure 7 , the larger is the multi-path time delay spread M , the greater is the variance of the multi-path time delay σ 2 τ (I). Meanwhile, with the increase in the normalized power of the received signal, the signal variance rapidly decreases and then slowly decreases. The larger is the multi-path time delay spread, the more dispersive is the time delay power spectrum and the greater is the corresponding multi-path time delay variance. Moreover, the greater is the normalized instantaneous power of the received signal, the stronger is the received signal. Thus, the signals that originate from different paths are very close to the same phase. The time delay spectrum of the signal is narrower, and its signal variance is smaller.
EXPERIMENTAL ANALYSIS
The amplitude of the multi-path time delay spread of the ionospheric channel is related to the signal energy distribution of different propagation modes, and to the relative time delay of the multi-mode propagation and its space distribution [31] . Both the signal energy distribution and the relative time delay are closely associated with the ratio K which is the operating frequency of the basic maximum usable frequency (MUF). In practical engineering application, the time delay spread of the HF ionospheric channel is typically measured by twice of the standard deviation of the projection of the time domain of the channel transfer function, which can be measured by the sweepfrequency pulse sounding technique. Asiyo and Afullo have obtained the multi-path fading occurrence in five cities in South Africa by multipath measurements over a 6.73 km Line-of-Sight (LOS) link [32] . To further analyze the probability density distribution of the multi-path time delay, three space radio paths with different distances along the east-west direction are analyzed at different times and seasons. The measured value of the time delay spread is obtained by the sweepfrequency pulse sounding technique. The changes in the probability density distribution of the multi-path time delay and its average value with time delay spread and the ratio K are discussed. The main performance parameters for the experimental circuit system are shown in Table 1 .
At the beginning of the experiment, the radar signal originated from the transmitting and receiving units is fed to the A/D converter ( Figure 8) . Then, each pulse is sampled for 16 ms at a sampling rate of 10 ms. At the same time, synchronization is conducted, i.e., sky wave signals are not received during the first 1.6 ms of the 16 ms sampling time. The 16 average sub-sampling signals obtained are used to estimate the noise (i.e., noise sub-sampling). The rest of the sub-samples are signal sub-samples. To ensure that noise signals are not mistaken as the signals under study, threshold, time correlation and frequency correlation tests (Figure 8 ) are conducted. Then, the sampling signal is input to the computer to calculate the average value Finally, the multi-path time delay spread can be calculated using the following formulas [33] .
As shown in Equation (24), the time delay spread of the channel is closely related to the first and second moments of the received signal power. For the three measured circuits, more than tens of thousands of measurement data are obtained. After the statistical averaging process of these data using Equations (21) to (24) and different K ratios, the probability density distribution of the multi-path time delay spread can be obtained. The changes in the probability density distribution of the multipath time delay spread with different radio paths and different K ratios (here, K = 0.9, K = 0.8 and K = 0.6) are shown in Figure 9 . Although the path length and working season for the three test circuits are different, the probability density distribution of the time delay spread for the three radio paths approximately follows a normal distribution, for a specific ratio K. This result is consistent with that in the literature [33] [34] [35] .
The changes in the average time delay spread M mean with the ratio K for the three radio paths are shown in Figure 10 (where , •, and * denote the data from the three different radio paths, and the solid line represents the fitting curve obtained by the measured data). The average time delay spread M mean decreases with the increase in ratio K, and reaches a minimum value in the vicinity of the ratio K = 0.9. This minimum value is maintained until the operating frequency reaches the MUF of this circuit. Moreover, the minimum value of the average time delay spread for the three radio paths is very close. As shown by the data point distribution, although the path lengths for the three radio paths are different, the difference in the average time delay spread among the different radio paths is less than 0.2 ms when the ratio K is larger than 0.65. With further increase in ratio K, this difference decreases. When ratio K > 1.0, this difference does not exceed 0.1 ms. Some studies suggest that when the variation quantity of the time delay spread is greater than 0.5 ms, the error rate of the HF transmission is more obvious because of the increase in the multi-path time delay spread [33] . Using the LS method, the relationship between the average time delay spread M mean and ratio K for different radio paths is fitted as
where M mean (K) represents the average time delay spread and f the focal point parameters of the parabolic curve. Figure 10 shows that the fitting curves of the three different circuits are substantially the same. Thus, in engineering applications with general accuracy, Equation (25) can be used to calculate the multipath time delay spread for a given operating frequency radio path. The relationship between the average time delay spread M mean (K) ( Figure 10 ) and its standard deviation σ is shown in Figure 11 . Considering that the actual operating frequency is generally greater than 0.7-fold of the basic MUF, the observation data greater than 0.7-fold of the MUF are fitted. The result is represented by the solid line in the figure. The changes in the time delay standard deviation with the average time delay spread M mean (K) can be approximately expressed by a line with a slope of 0.36, i.e., σ = 0.36M mean (K). The root mean square deviation between the observed data and Equation (25) is less than 0.08 ms. Figure 11 . Relationship between the average time delay spread and standard deviation σ.
CONCLUSION
The HF ionospheric channel is a multi-path time delay channels whose signal fading follows the Rayleigh distribution. In this study, the probability density distribution of the multi-path time delay, average power of the received signal, and signal variance change with the time delay spread (or Doppler shift spread) are derived using Rayleigh fading, after which they are discussed. The theoretical and experimental research shows that the multi-path time delay spread for a specific frequency approximately meets a normal distribution, and the average time delay spread decreases with the increases in the ratio K for a given radio path. Meanwhile, regardless of the changes in the group delay and multi-path time delay, the probability density of the multi-path time delay can reach a maximum value at the normalized average value of the time delay spectrumτ . This finding indicates that the multi-path time delay is most likely the average value of the time delay spectrum. Moreover, the smaller the multipath time delay spread M is, the faster its signal power decreases. Thus, the smaller the multi-path time delay spread is for a channel, the smaller the jitter range of the received signal power is. The experimental results also prove that the multi-path time delay spread for a specific frequency approximately follows a normal distribution. Theoretical and statistical results indicates that for a given radio path, the proposed procedure may be used to roughly estimate the probability of the signal time delay spread P (M (K) > M 0 ), which is greater than a given value M 0 . First, the basic MUF for a given time is calculated on the basis of the latitude and longitude of the launch and receiving points [34, 35] . Then, the average time delay spread M mean (K) for a specific frequency is calculated using Equation (25) . Finally, the probability density of the time delay spread, which is greater than or equal to a certain value M 0 (i.e., P (M (K) ≥ M 0 ), is obtained based on the feature of the normal distribution. This study provides an empirical method for further predicting and estimating the multi-path time delay for a specific frequency radio path.
FUTURE WORK
This study focuses on the statistical relationship between the ionospheric channel parameters, but does not significantly consider the influence of the other parameters of the ionosphere, such as the rapid electron density fluctuation of the ionospheric irregularities, ionospheric drift velocities, and geomagnetic effects. The effect of other ionospheric factors on the multi-path time delay and Doppler shift should be considered. Some studies have initially conducted research on this topic [36] [37] [38] , and this field is a future research direction for us.
